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In [J. Shao, L. You, H. Shan, Bound on the bases of irreducible gen-
eralized sign pattern matrices, Linear Algebra Appl. 427 (2007)
285–300], the authors extended the concept of the base from
powerful sign pattern matrices to non-powerful irreducible sign
pattern matrices. Recently, the kth local bases and the kth up-
per bases, which are generalizations of the bases, of primitive
non-powerful signed digraphs were introduced. In this paper, we
introduce a new parameter called the kth lower bases of primi-
tive non-powerful signed digraphs and obtain some bounds for
it. For some cases, the bounds we obtain are best possible and
the extremal signed digraphs are characterized, respectively.More-
over, we show that there exist “gaps" in the kth lower bases set of
primitive non-powerful signed digraphs.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
A sign patternmatrix is amatrix each ofwhose entries is+,− or 0. For a square sign patternmatrix
A, notice that in the computations of the entries of the powers Ak (k = 1, 2, . . .), the ambiguous sign
may arise when a positive sign is added to a negative sign. So a new symbol # has been introduced to
denote the ambiguous sign (see [4]), and we call a matrix with entries from the set Γ = {0,+,−,#}
a generalized sign pattern matrix. Addition and multiplication involving the symbol # are deﬁned as
follows:

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(−) + (+) = (+) + (−) = #; a + # = # + a = # (for all a ∈ Γ );
0 · # = # · 0 = 0; b · # = # · b = # (for all b ∈ Γ \ {0}).
From now on we assume that all the matrix operations considered in this paper are operations of the
matrices over the set Γ .
A (generalized) signed digraph S [12,13] is a digraph each of whose arcs is assigned a sign+,− (or
#). A walk W in S is a sequence of arcs: e1, e2, . . . , ek such that the terminal vertex of ei is the same
as the initial vertex of ei+1 for i = 1, 2, . . . , k − 1. The number k is called the length ofW , denoted by
ζ(W). The sign of W in S, denoted by sgn(W), is deﬁned to be
∏k
i=1 sgn(ei). The deﬁnitions of closed
walk, cycle and loop in S are the usual ones from graph theory. Their lengths and signs can be deﬁned
analogously. Two walks W1 and W2 in S is called a pair of SSSD walks, if they have the same initial
vertex, same terminal vertex and same length, but they have different signs.
Let A = (aij) be a square (generalized) sign pattern matrix of order n. The associated digraph D(A)
(possibly with loops) of A is deﬁned to be the digraphwith vertex set V = {1, 2, . . . , n} and arc set E =
{(i, j)|aij /= 0}. The associated (generalized) signeddigraph S(A)ofA is obtained fromD(A)byassigning
the sign of aij to each arc (i, j) in D(A). Conversely, if S is a (generalized) signed digraph, the adjacency
(generalized) sign pattern matrix A of S can be deﬁned. Clearly, we have (Ak)ij = ∑W∈Wk(i,j) sgn(W),
whereWk(i, j) denotes the set of walks of length k from vertex i to vertex j in S(A).
Deﬁnition 1.1 [4]. A square (generalized) sign pattern matrix A is called powerful if each power of A
contains no # entry.
It is easy to see that a sign pattern matrix A is powerful if and only if the associated signed digraph
S(A) contains no pairs of SSSDwalks.
Deﬁnition 1.2 [4]. Let A be a (generalized) sign pattern matrix of order n and A, A2, A3, . . . be the
sequence of powers ofA. SupposeAl is theﬁrst power that is repeated in the sequence.Namely, suppose
l is the least positive integer such that there is a smallest positive integer p such that Al = Al+p. Then
l is called the base of A denoted by l(A), and p is called the period of A denoted by p(A).
A square (0,1)-matrixA is primitive if somepowerAk > 0, and the least such k is called theprimitive
exponent of A, denoted by exp(A) [9]. For a (generalized) sign patternmatrix A, we use |A| to denote the
(0, 1)-matrixobtained fromAbyreplacingeachnon-zeroentryby1.Asquare (generalized) signpattern
matrix A is called primitive if |A| is primitive [2,3,5,7,10]. Also we could deﬁne the corresponding
concepts for (generalized) signed digraphs. We say S(A) is primitive if A is primitive, and S(A) is
powerful if A is powerful. It follows that exp(S) = exp(A) = exp(|A|), l(S) = l(A) and p(S) = p(A).
Proposition 1.3 [11]. Let A be a primitive non-powerful sign pattern matrix.
(1) There is an integer k such that there exists a pair of SSSD walks of length k from each vertex x to each
vertex y in S(A).
(2) If there exists a pair of SSSD walks of length k from each vertex x to each vertex y, then there also
exists a pair of SSSD walks of length k + 1 from each vertex x to each vertex y in S(A).
(3) The minimal such k (as in (1)) is just l(A), the base of S(A).
Amatrixwith all entries equal to # is denoted by#J. LetA be a primitive non-powerful (generalized)
sign pattern matrix. Then the base l(A) = min{k|Ak = #J}, and the period p(A) = 1 [8].
To introduce the kth lower bases of primitive non-powerful signed digraphs, let us recall some
deﬁnitions of generalized exponents [1].
LetD be a primitive digraphwithV(D) = {1, 2, . . . , n}. LetX ⊆ V(D). Then exp(D, X) is the smallest
integerm such that for each vertex i of D, there exists a walk from some vertex in X to i of lengthm.
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Deﬁnition 1.4 [1]. Let D be a primitive digraph of order n and 1 k n. Then
f (D, k):= min{exp(D, X)|X ⊆ V(D) and |X| = k} and
F(D, k):= max{exp(D, X)|X ⊆ V(D) and |X| = k} are called the kth lowermultiexponent and the
kth upper multiexponent of D, respectively.
Let S be a primitive non-powerful signed digraph of order n. The base from u ∈ V(S) to v ∈ V(S),
denoted by lS(u, v), is deﬁned to be the smallest integer l such that there is a pair of SSSD walks of
length t from u to v for each integer t  l. The base at a vertex u ∈ V(S) [13], denoted by lS(u), is
deﬁned to be the smallest integer l such that there is a pair of SSSD walks of length t from u to v for
each vertex v ∈ V(S) and each integer t  l. It is easy to see that lS(u, v) and lS(u) are well deﬁned, and
l(S) = maxu∈V(S) lS(u) = maxu,v∈V(S) lS(u, v).
Deﬁnition 1.5 [6,13]. Let S be aprimitivenon-powerful signeddigraphof ordern and let k be an integer
with 1 k n. We choose to order the vertices of S in such a way that lS(1) lS(2) · · · lS(n). Then
l(S, k) = lS(k) is called the kth local base of S.
For a subset X ⊆ V(S) with |X| = k(1 k n), we deﬁne the base of X [12] to be the least integer
p such that for each vertex v ∈ V(S) there exists a pair of SSSD walks of length p from some vertex in
X to v, denoted by lS(X).
Deﬁnition 1.6 [12]. Let S be a primitive non-powerful signed digraph of order n and let k be an integer
with 1 k n. Then the kth upper base of S is L(S, k) = max{lS(X)|X ⊆ V(S) and |X| = k}.
Now we introduce the concept of the kth lower base as follows.
Deﬁnition 1.7. Let S be a primitive non-powerful signed digraph of order n and let k be an integerwith
1 k n. Then the kth lower base of S is ψ(S, k) = min{lS(X)|X ⊆ V(S) and |X| = k}.
Remark 1. Clearly, ψ(S, 1) · · ·ψ(S, n) and L(S, 1) · · · L(S, n).
The following deﬁnition of “ambiguous index" is needed in this paper.
Deﬁnition 1.8 [11]. Let S be a primitive non-powerful signed digraph. Then the “ambiguous index" of
S, denoted by r(S), is deﬁned to be the least integer r such that there is a pair of SSSDwalks of length r
in S. The “ambiguous index" from vertex u to vertex v, denoted by ru,v, is deﬁned to be the least integer
r such that there is a pair of SSSDwalks of length r from u to v.
Suppose a1, . . . , ak are positive integers and g.c.d.(a1, . . . , ak) = 1 (greatest common divisor). De-
ﬁne the Frobenius set S(a1, . . . , ak) = {r1a1 + · · · + rkak|r1, . . . , rk are nonnegative integers}. The
Frobenius number φ(a1, . . . , ak) is the least integer φ such that m ∈ S(a1, . . . , ak) for each integer
mφ. It follows that φ(a1, . . . , ak) − 1 /∈ S(a1, . . . , ak). It is also well known that if a, b are relatively
prime positive integers, then φ(a, b) = (a − 1)(b − 1).
In this paper, the kth lower bases of primitive non-powerful signed digraphs are studied. Some
bounds on the kth lower bases of primitive non-powerful signed digraphs are obtained, and the
equalities of these bounds are characterized. We also show that there exists “gaps" in the kth lower
bases set of primitive non-powerful signed digraphs in some cases.
2. Preliminaries
In this section, we introduce some notations and properties which we need to use in the presenta-
tions and proofs of our main results. An important characterization for primitive non-powerful signed
digraphs is given as follows:
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Lemma 2.1 [11]. If S is a primitive non-powerful signed digraph, then S contains a pair of cycles C1 and C2
(say, with length p1 and p2, respectively) satisfying one of the following two conditions:
(B1) p1 is even, p2 is odd, and sgn(C1) = −1.
(B2) Both p1 and p2 are odd and sgn(C1) = −sgn(C2).
For convenience, we call such a pair of cycles C1 and C2 satisfying (B1) or (B2) a distinguished cycle pair.
Then thewalksW1 = p2C1 andW2 = p1C2 with the same length p1p2 have different signs: (sgn(C1))p2 =−[(sgn(C2))p1 ].
LetD1 be the digraphwith the setV = {i|1 i n} of vertices and the set E = {(i, i + 1)|1 i n −
1} ∪ {(n, 1), (n − 1, 1)} of arcs. Let D2 be the digraph with the set V = {i|1 i n} of vertices and the
set E = {(i, i + 1)|1 i n − 1} ∪ {(n, 1), (n − 1, 1), (n, 2)} of arcs (see Fig. 1).
Lemma 2.2 [1,9]. Let n, k be positive integers with 1 k < n. Then
f (D1, k) = 1 + (2n − k − 2) · (n − 1)/k − (n − 1)/k2 · k.
Lemma 2.3 [1,9]. Let D be a primitive digraph of order n, and let s be the length of a cycle of D. Then
f (D, k)
{
n − k (1 s k n),
1 + s(n − k − 1) (1 k < s n).
The following two lemmas are useful in this paper.
Lemma 2.4. Let S be a primitive non-powerful signed digraph of order n with D as its underlying digraph.
Let r(S) be the ambiguous index of S, and let d(S) denote the diameter of S. Then for 1 k n,
ψ(S, k) f (D, k) + r(S) + d(S).
Proof. By Deﬁnition 1.8, let W1 and W2 be a pair of SSSD walks of length r(S) from vertex u to vertex
v (u, v need not be distinct). Let y be any vertex of S, and let P be a shortest path of length ζ(P) in S
from v to y. Then ζ(P) d(S). Denote q = f (D, k) + d(S) − ζ(P). Thus q f (D, k).
By the deﬁnition of f (D, k), there exists X ⊆ V(D)with |X| = k such that there is awalkQ of length
q from some x0 ∈ X to vertex u. Therefore, Q + W1 + P and Q + W2 + P form a pair of SSSDwalks of
length q + r(S) + ζ(P) = f (D, k) + r(S) + d(S) from x0 ∈ X to vertex y.
By Deﬁnition 1.7, we have ψ(S, k) f (D, k) + r(S) + d(S). 
Lemma 2.5. Let S be a primitive non-powerful signed digraph of order n with D as its underlying digraph.
Suppose ∅ /= V1 ⊆ V(S), and for each vertex u ∈ V1, there is a pair of SSSD walks of length r from u to u.
Then for 1 k n,
ψ(S, k) f (D, k) + r + n − |V1|.
Fig. 1. D1 and D2
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Proof. Let y be any vertex of S. Then there is some vertex v ∈ V1 such that there exists a shortest path
P of length p from v to y. Thus p n − |V1|.
By the deﬁnition of f (D, k), since f (D, k) + n − |V1| − p f (D, k), there existsX ⊆ V(D)with |X| =
k such that there is a walk Q of length f (D, k) + n − |V1| − p from some x0 ∈ X to vertex v.
LetW1 andW2 be a pair of SSSDwalks of length r from v to v. Therefore,Q + W1 + P andQ + W2 +
P form a pair of SSSDwalks of length (f (D, k) + n − |V1| − p) + r + p = f (D, k) + r + n − |V1| from
x0 ∈ X to vertex y.
It follows from Deﬁnition 1.7 that ψ(S, k) f (D, k) + r + n − |V1|. 
From Deﬁnitions 1.5–1.7, it is easy to obtain the following properties.
Proposition 2.6. Let A be the adjacency sign pattern matrix of a primitive non-powerful signed digraph S
of order n. Let k be an integer with 1 k n. Then
(1) The kth local base l(S, k) is the smallest power of A for which there exist k rows each of whose entries
is the ambiguous sign (i.e., #).
(2) The kth lower base ψ(S, k) is the smallest power of A for which there exist k rows each of whose
columns contains at least one ambiguous sign.
(3) The kth upper base L(S, k) is the smallest power of A for which each of the columns in any k rows
contains at least one ambiguous sign.
Remark 2. By Proposition 2.6, we can generalize the deﬁnitions of the kth local (respectively, lower
and upper) bases fromprimitive non-powerful signed digraphs to primitive non-powerful generalized
signed digraphs.
3. The kth lower base
A (generalized) subpattern of a (generalized) sign pattern matrix is obtained by replacing certain
(possibly no) non-zero entries by zero (see [4]).
Lemma 3.1. Let S and S∗ be primitive non-powerful signed digraphs of order n. Denote the adjacency sign
pattern matrices of S and S∗ by A and A∗, respectively. If A∗ is a subpattern of A, then ψ(S, k)ψ(S∗, k).
Proof. Since A∗ is a subpattern of A, there is a sign pattern matrix A∗∗ such that A = A∗ + A∗∗. By
Proposition2.6,ψ(S∗, k) is the smallest powerofA∗ forwhich there exist k rowseachofwhose columns
contains at least one ambiguous sign. It follows that there exist k rows each ofwhose columns contains
at least one ambiguous sign in Aψ(S
∗ ,k) = (A∗ + A∗∗)ψ(S∗ ,k). Hence ψ(S, k)ψ(S∗, k). 
Lemma 3.2. Let S be a primitive non-powerful signed digraph of order n. Then
ψ(S, 1) = l(S, 1) and ψ(S, n) = L(S, n).
Proof. By Proposition 2.6, it is easy to prove this lemma. 
Lemma 3.3 [6,12,13]. Let S be a primitive non-powerful signed digraph of order n. Then
(1) l(S, 1) = 2n2 − 4n + 3 and L(S, n) = n2 − n + 1 if and only if the underlying digraph of S is
isomorphic to D1 (see Fig. 1).
(2) l(S, 1) = 2n2 − 4n + 2 and L(S, n) = n2 − n if and only if the underlying digraph of S is isomorphic
to D2 (see Fig. 1) and the two cycles of length n − 1 have the same sign in S.
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Lemma 3.4. Let S1 be a primitive non-powerful signed digraph of order nwithD1 as its underlying digraph.
Let S2 be a primitive non-powerful signed digraph of order n with D2 as its underlying digraph. Then for
1 k n − 1,
ψ(S1, k)
⎧⎨
⎩
(2n − k − 2) ·
⌊
n−1
k
⌋
−
(⌊
n−1
k
⌋)2 · k + n2 − n + 2 (k < n
2
)
,
n2 + n − 2k
(
k n
2
)
.
ψ(S2, k)
⎧⎨
⎩
(2n − k − 2) ·
⌊
n−1
k
⌋
−
(⌊
n−1
k
⌋)2 · k + n2 − n + 2 (k < n
2
)
,
n2 + n − 2k
(
k n
2
)
.
Proof. Note that S1 only has two cycles Cn and Cn−1 with lengths n and n − 1, respectively. By Lemma
2.1, sgn(nCn−1) = −sgn((n − 1)Cn).
Let Q1 and Q2 be the paths of length 1 and 2 from vertex n − 1 to vertex 1, respectively, and
P be the only path from 1 to n − 1. Let W1 = Q1 + (n − 1)Cn−1 and W2 = Q2 + (n − 2)Cn. Then
ζ(W1) = ζ(W2),W1 + P = nCn−1,W2 + P = (n − 1)Cn. Therefore, sgn(W1 + P) = −sgn(W2 + P)
and then sgn(W1) = −sgn(W2). It follows that W1 and W2 is a pair of SSSD walks from vertex n − 1
to 1 with length (n − 1)2 + 1. Hence r(S1)(n − 1)2 + 1.
For 1 k n − 1, it follows from Lemmas 2.2 and 2.4 that
ψ(S1, k)  f (D1, k) + r(S1) + d(S1)
 1 + (2n − k − 2) ·
⌊
n − 1
k
⌋
−
(⌊
n − 1
k
⌋)2
· k + [(n − 1)2 + 1] + (n − 1)
= (2n − k − 2) ·
⌊
n − 1
k
⌋
−
(⌊
n − 1
k
⌋)2
· k + n2 − n + 2.
If n
2
 k n − 1, then
⌊
n−1
k
⌋
= 1. Hence ψ(S1, k) n2 + n − 2k.
Moreover, for the signed digraph S2, we can ﬁnd a signed digraph S
∗
1 with D1 as its underlying
digraph such that A(S∗1) is a subpattern of A(S2). Then by Lemma 3.1, ψ(S2, k)ψ(S∗1 , k), and this
completes the proof. 
Lemma 3.5. Let S1 be a primitive non-powerful signed digraph of order nwithD1 as its underlying digraph.
Then
ψ(S1, 1) = 2n2 − 4n + 3 and ψ(S1, n − 1) = ψ(S1, n) = n2 − n + 1.
Proof. Since S1 is a primitive non-powerful signed digraph of order nwithD1 as its underlying digraph,
it follows from Lemmas 3.2 and 3.3 that
ψ(S1, 1) = l(S1, 1) = 2n2 − 4n + 3 and ψ(S1, n) = L(S1, n) = n2 − n + 1.
Now we need to prove that ψ(S1, n − 1) = n2 − n + 1. Let Cn−1 and Cn be the cycles of lengths
n − 1 and n, respectively.
First we show that there is a pair of SSSD walks of length n2 − n + 1 from i to i + 1(1 i n −
1). Take W
(i)
1 = nCn−1 + (i, i + 1) and W (i)2 = (n − 1)Cn + (i, i + 1), where (i, i + 1)(1 i n − 1)
denote the unique path from i to i + 1. Then W (i)1 − (i, i + 1) = nCn−1 and W(i)2 − (i, i + 1) = (n −
1)Cn.
Since S1 is non-powerful, and Cn−1, Cn are the only two cycles of S1, then Cn−1 and Cn must be a
distinguished cycle pair. Thus nCn−1 and (n − 1)Cn have different signs. Hence W(i)1 and W(i)2 have
different signs, and so is a pair of SSSDwalks of length n2 − n + 1 from vertex i to vertex i + 1.
Similarly, take W1 = nCn−1 + (n − 1, 1) and W2 = (n − 1)Cn + (n − 1, 1). Then W1 and W2 is a
pair of SSSDwalks of length n2 − n + 1 from n − 1 to 1.
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Note that from i to i + 1(1 i n − 1) and from n − 1 to 1, there is a pair of SSSD walks of length
n2 − n + 1. By Deﬁnition 1.7, let X = {1, 2, . . . , n − 1}. Therefore, |X| = n − 1, and then ψ(S1, n −
1) n2 − n + 1.
On the other hand, we show that there is no pair of SSSD walks of length n2 − n from vertex
k(1 k n) to vertex n. SupposeW1 andW2 are two walks of length n2 − n from k to n. ThenWi(i =
1, 2) is a union of the unique path P from k to n of length n − k and a number of cycles of lengths
n − 1 and n. Thus there exist nonnegative integers ai, bi (i = 1, 2) with a2  a1 and b1  b2 such that
n2 − n = ain + bi(n − 1) + (n − k)(i = 1, 2).
Case 1. 1 k n − 1. This implies that φ(n − 1, n) − 1 = (n − 1)(n − 2) − 1 = (ai − k)n +
(bi + k − 1)(n − 1) (i = 1, 2).
Note that (a2 − a1)n = (b1 − b2)(n − 1), and then (n − 1)|(a2 − a1). If a2 /= a1, then a2 − k
(a1 + n − 1) − k 0,where the last inequality holds since ai  0 and k n − 1.Moreover, since bi  0
and k 1, then bi + k − 1 0, which is a contradiction to φ(n − 1, n) − 1 cannot be expressed as a
nonnegative integral linear combination of n − 1 and n.
Case 2. k = n. Since Wi contains at least a cycle of lengths n, then ai  1 (i = 1, 2). With k = n,
we have φ(n − 1, n) − 1 = n2 − 3n + 1 = (ai − 1)n + (bi − 1)(n − 1) (i = 1, 2). Note that (a2 −
a1)n = (b1 − b2)(n − 1) and then n|(b1 − b2). If b1 /= b2, then b1 − 1 b2 + n − 1 0. Moreover,
since ai  1, then ai − 1 0, a contradiction to the deﬁnition of the Frobenius number φ(n − 1, n).
Thus a1 = a2 and b1 = b2. Hence sgn(W1) = sgn(W2).
This argument shows that ψ(S1, n − 1) n2 − n + 1.
Therefore, ψ(S1, n − 1) = n2 − n + 1 and this completes the proof. 
Lemma 3.6. Let S2 be a primitive non-powerful signed digraph of order nwithD2 as its underlying digraph.
Then
(1) ψ(S2, 1) = 2n2 − 4n + 2 and ψ(S2, n) = n2 − n.
(2) If the two cycles of length n − 1 have different signs, then
ψ(S2, n − 1) n + 2.
(3) If the two cycles of length n − 1 have the same signs, then
ψ(S2, n − 1) = n2 − n.
Proof. (1) By Lemmas 3.2 and 3.3, since S2 is a primitive non-powerful signed digraph of order nwith
D2 as its underlying digraph, then
ψ(S2, 1) = l(S2, 1) = 2n2 − 4n + 2 and ψ(S2, n) = L(S2, n) = n2 − n.
Denote the path from i to j by (i → j)(1 i j n), when there is such a unique path. Let Cn−1
and Cn be the cycles of lengths n − 1 and n, respectively. Let Q1 = (n − 1, 1) + (1, 2) and Q2 = (n −
1, n) + (n, 2) be two paths of length 2 from n − 1 to 2. Let P1 = (n, 1) be the unique path of length 1
from n to 1 and P2 = (n, 2) + (2 → n − 1) + (n − 1, 1) be the path of length n − 1 from n to 1.
(2) If the two cycles of length n − 1 of S2 have different signs, then sgn(Q1) = −sgn(Q2), and we
have r(S2) 2. By Lemma 2.4,
ψ(S2, n − 1) f (D2, n − 1) + d(S2) + r(S2) 1 + (n − 1) + 2 = n + 2.
(3) If the two cycles of length n − 1 of S2 have the same signs, then sgn(Q1) = sgn(Q2). Since S2 is
non-powerful and the only three cycles of S2 are two cycles of length n − 1 and one cycle of length n,
then each cycle Cn−1 of length n − 1 and the cycle Cn of length n form a distinguished cycle pair by
Lemma 2.1. Thus (n − 1)Cn and nCn−1 have different signs.
Now we show that there is a pair of SSSD walks of length n2 − n from i to i(1 i n). Take
W
(i)
1 = (i → n) + P1 + (n − 2)Cn + (1 → i) and W(i)2 = (i → n) + P2 + (n − 2)Cn−1 + (1 → i).
Then W
(i)
1 = (n − 1)Cn and W (i)2 = nCn−1. Hence W(i)1 and W (i)2 have different signs, and so is a pair
of SSSDwalks of length n2 − n from vertex i to vertex i(1 i n).
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Similarly, takeW1 = P1 + (n − 2)Cn + (1 → n − 1) + (n − 1, 1)andW2 = P2 + (n − 2)Cn−1 +
(1 → n − 1) + (n − 1, 1). Then W1 and W2 is a pair of SSSD walks of length n2 − n from vertex n to
vertex 1.
Note that from i to i(2 i n) and from n to 1, there is a pair of SSSD walks of length n2 − n. Let
X = {2, 3, . . . , n}. Therefore, |X| = n − 1, and then ψ(S2, n − 1) n2 − n by Deﬁnition 1.7.
On the other hand, we prove that there is no pair of SSSD walks of length n2 − n − 1 from vertex
k(1 k n) to n. Suppose W1 and W2 are two walks of length n2 − n − 1 from k to n. Then each
Wi(i = 1, 2) is a union of the unique path P of length n − k from k to n and a number of cycles of
lengths n − 1 and n. Thus there exist nonnegative integers ai, bi(i = 1, 2) with a2  a1 and b1  b2
such that n2 − n − 1 = ain + bi(n − 1) + (n − k)(i = 1, 2).
Case 1. 2 k n. This implies that φ(n − 1, n) − 1 = (n − 1)(n − 2) − 1 = (ai − k + 1)n +
(bi + k − 2)(n − 1) (i = 1, 2). Note that (a2 − a1)n = (b1 − b2)(n − 1) and then (n − 1)|(a2 − a1).
If a2 /= a1, then a2 − k + 1 (a1 + n − 1) − k + 1 0, where the last inequality holds since ai  0
and k n. Moreover, since bi  0 and k 2, then bi + k − 2 0. It contradicts that φ(n − 1, n) − 1
cannot be expressed as a nonnegative integral linear combination of n − 1 and n.
Case 2. k = 1. This implies that φ(n − 1, n) − 1 = n2 − 3n + 1 = ain + (bi − 1)(n − 1) (i =
1, 2). Note that (a2 − a1)n = (b1 − b2)(n − 1) and then n|(b1 − b2). If b1 /= b2, then b1 − 1 (b2 +
n) − 1 0. Moreover, ai  0 (i = 1, 2), a contradiction to φ(n − 1, n) − 1 cannot be expressed as a
nonnegative integral linear combination of n − 1 and n.
Thus a1 = a2 and b1 = b2. Hence sgn(W1) = sgn(W2).
This argument shows that ψ(S2, n − 1) n2 − n.
Therefore, ψ(S2, n − 1) = n2 − n. The lemma is proved. 
Theorem 3.7. Let S be a primitive non-powerful signed digraph of order n with D as its underlying digraph,
where D is not isomorphic to D1 or D2. Suppose C is a shortest cycle of length s in S. Then for 1 k n,
ψ(S, k)
{
n2 − n − k + 2 (k s),
(n − 2)(2n − k − 1) + 3 (k < s).
Proof. If D is not isomorphic to D1 or D2, then s n − 2. Since S is primitive and non-powerful, by
Lemma 2.1, there is a distinguished cycle pair C1 and C2 of length p1 and p2 in S. (Without loss of
generality, assume p1  p2.)
Case 1. {p1, p2} /= {n − 1, n}. Let V1 = V(C1) ∩ V(C2).
Subcase 1.1 If V1 = ∅, then there is a shortest path Q of length ζ(Q) from some vertex i ∈ V(C1)
to vertex j ∈ V(C2). Hence ζ(Q) n − p1 − p2 + 1.
If p1 = p2, then C1 + Q and Q + C2 is a pair of SSSD walks of length ζ(Q) + p1 from i to j. Thus
r(S) ζ(Q) + p1. By Lemma 2.4, we have
ψ(S, k)  f (D, k) + r(S) + d(S)
 f (D, k) + (n − p1 + 1) + (n − 1)
= f (D, k) + 2n − p1.
If p1 /= p2, then Q + p1C2 and Q + p2C1 is a pair of SSSD walks of length ζ(Q) + p1p2 from i to j.
Thus r(S) ζ(Q) + p1p2. By Lemma 2.4,
ψ(S, k)  f (D, k) + r(S) + d(S)
 f (D, k) + (n − p1 − p2 + 1 + p1p2) + (n − 1)
= f (D, k) + 2n + p1p2 − p1 − p2.
Subcase 1.2 If V1 /= ∅, then |V1| |V(C1)| + |V(C2)| − n = p1 + p2 − n.
If p1 = p2, for each u ∈ V1, there is a pair of SSSD walks of length p1 from u to u (note that C1 and
C2 is a pair of SSSDwalks). By Lemma 2.5,
ψ(S, k) f (D, k) + p1 + n − |V1| f (D, k) + 2n − p1.
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If p1 /= p2, for each u ∈ V1, there is a pair of SSSD walks of length p1p2 from u to u (p1C2 and p2C1
is a pair of SSSDwalks). By Lemma 2.5,
ψ(S, k) f (D, k) + p1p2 + n − |V1| f (D, k) + 2n + p1p2 − p1 − p2.
Note that 2n − p1  2n + p1p2 − p1 − p2 always holds. Thus for all possibleV1, it follows fromLemma
2.3 and s n − 2 that
ψ(S, k)  f (D, k) + 2n + p1p2 − p1 − p2 (p1 /= p2)
 f (D, k) + 2n + (p1 − 1)(p2 − 1) − 1 ({p1, p2} /= {n − 1, n})

{
(n − k) + 2n + (n − 1)(n − 3) − 1 (s k),
[1 + s(n − k − 1)] + 2n + (n − 1)(n − 3) − 1 (s > k),

{
n2 − n − k + 2 (s k),
(n − 2)(2n − k − 1) + 3 (s > k).
Case 2. p1 = n and p2 = n − 1.
Subcase 2.1. s is odd. Then either C1 and C (when n is even) or C2 and C (when n is odd) form a
distinguished cycle pair.
Subcase 2.2. s is even and sgn(C) = −1. Then either C1 and C (when n is odd) or C2 and C (when n
is even) form a distinguished cycle pair.
For Subcases 2.1 and 2.2, since s n − 2, similarly as the proof of Case 1, we obtain that
ψ(S, k)
{
n2 − n − k + 2 (s k),
(n − 2)(2n − k − 1) + 3 (s > k).
Subcase 2.3. s is even and sgn(C) = 1.
Since |V(C1) ∩ V(C2) ∩ V(C)| = |V(C2) ∩ V(C)|(n − 1) + s − n = s − 1 1, we say j ∈ V(C1)∩ V(C2) ∩ V(C). Thus (n − s − 1)C1 + C and (n − s)C2 form a pair of SSSD walks of length
(n − s)(n − 1) from j to j. Then r(S)(n − s)(n − 1), and by Lemmas 2.3 and 2.4, we have
ψ(S, k)  f (D, k) + r(S) + d(S)

{
(n − k) + (n − s)(n − 1) + (n − 1) (s k),
[1 + s(n − k − 1)] + (n − s)(n − 1) + (n − 1) (s > k),

{
n2 − n − k + 2 (s k),
(n − 2)(2n − k − 1) + 3 (s > k),
where the last inequality holds since s is even and s n − 2. 
Theorem 3.8. Let S be a primitive non-powerful signed digraph of order n.
(1) ψ(S, 1) 2n2 − 4n + 3,ψ(S, n − 1) n2 − n + 1 andψ(S, n) n2 − n + 1. The equalities hold
if and only if the underlying digraph of S is isomorphic to D1.
(2) ψ(S, 1) = 2n2 − 4n + 2,ψ(S, n − 1) = n2 − n and ψ(S, n) = n2 − n if and only if the under-
lying digraph of S is isomorphic to D2 and the two cycles of length n − 1 have the same sign in
S.
(3) For each integer t1 with 2n
2 − 6n + 7 < t1 < 2n2 − 4n + 2, and each integer t2 with n2 − 2n +
3 < t2 < n
2 − n, and each integer t3 with n2 − 2n + 2 < t3 < n2 − n, there is no primitive non-
powerful signed digraph of order n with ψ(S, 1) = t1, ψ(S, n − 1) = t2, ψ(S, n) = t3.
(4) If 2 k n − 2, then ψ(S, k)max
{
(2n − k − 2) ·
⌊
n−1
k
⌋
−
(⌊
n−1
k
⌋)2 · k + n2 − n + 2,
(n − 2)(2n − k − 1) + 3} .
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Proof. Let D be the underlying digraph of S. When n 3, if D is not isomorphic to D1 or D2, then by
Theorem 3.7, we have
ψ(S, 1) 2n2 − 6n + 7, ψ(S, n − 1) n2 − 2n + 3,
ψ(S, n) n2 − 2n + 2, ψ(S, k)(n − 2)(2n − k − 1) + 3,
where 2 k n − 2. Combining this with Lemmas 3.4–3.6, we obtain the desired results. When
1 n 2, it is easy to check that the results are also true. 
Remark 3. The result (3) of Theorem 3.8 means that there exist “gaps" in the kth lower bases set of
the classes of primitive non-powerful signed digraphs of order n, where k = 1, n − 1, n.
Remark 4. Since the conjecture of the kth lower multiexponent f (D, k) (see [1,9]) is still unsolved, it
is difﬁcult to obtain the best upper bound forψ(S, k). But for k = 1, n − 1 and n, the bound we obtain
is best possible.
Since a primitive non-powerful signed digraph S contains an odd cycle of length g, if k g, a better
bound is shown in the following theorem.
Theorem 3.9. Let S be a primitive non-powerful signed digraph of order nwith D as its underlying digraph.
Suppose C is an odd cycle of length g in S. If 1 g  k n, then ψ(S, k) 2n − k + ng − 1.
Proof. Since S is primitive andnon-powerful, there is adistinguished cyclepairC1 andC2 (with lengths,
say p1 and p2, respectively) in S. By Lemma 2.1, C1 and C2 satisfy one of the following two conditions:
(B1) p1 is even, p2 is odd, and sgn(C1) = −1.
(B2) Both p1 and p2 are odd and sgn(C1) = −sgn(C2).
Case 1. C1 and C2 satisfy (B1). Since the length of C is odd, then C and C1 form a distinguished cycle
pair.
Subcase 1.1. C and C1 have no common vertices. It follows that g + p1  n. Let Q be a shortest path
of length q from C1 to C, where Q ∩ C = {v0} and Q ∩ C1 = {u0}. Then q n + 1 − g − p1.
Moreover, gC1 + Q andQ + p1C is apairofSSSDwalkswith lengthp1g + q. Therefore, r(S) p1g +
q p1g + (n + 1 − g − p1) 1 + g(n − g).
By Lemma 2.4, we obtain that ψ(S, k) f (D, k) + r(S) + d(S)(n − k) + [1 + g(n − g)] + (n −
1) = 2n − k + g(n − g) 2n − k + ng − 1.
Subcase 1.2. C and C1 have some common vertices. Then p1C and gC1 is a pair of SSSDwalks (since
C and C1 have some common vertices) of length gp1 and p1  n. Then r(S) gp1  gn. Then by Lemmas
2.3 and 2.4,
ψ(S, k) f (D, k) + r(S) + d(S)(n − k) + gn + (n − 1) = 2n − k + gn − 1.
Case 2. C1 and C2 satisfy (B2). Thus both p1 and p2 are odd and sgn(C1) = −sgn(C2). Because
the length of C is odd, C1 and C2 have different signs, we conclude that C and Ci(i = 1 or 2) form a
distinguished cycle pair (without loss of generality, suppose C and C1 form a distinguished cycle pair).
Similarly as the proof of Subcases 1.1 and 1.2, it is not difﬁcult to verify that ψ(S, k) 2n − k +
ng − 1. 
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